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Abstract:  Red blood cells (RBCs) exhibit different types of motions and deformations when the blood 
flows through capillaries. Interestingly, due to the complex three-dimensional structure of the RBC 
membrane, RBCs show three-dimensional motions and deformations in the blood flow. These motions 
and deformations of the RBCs highly depend on the stiffness of the RBC membrane and on the 
geometrical parameters of the capillary through which blood flows. However, capillaries always do not 
have uniform cross sections and some capillaries have stenosed segments, where cross sectional 
area suddenly reduces. Further, some diseases can alter the stiffness of the RBC membrane 
drastically. In this study, the deformation behaviour of a single three-dimensional RBC is examined, 
when it moves through a stenosed capillary. A three-dimensional spring network is used to model the 
RBC membrane. The RBC’s inside and outside fluids are discretized into a finite number of mass 
points and treated by smoothed particle hydrodynamics (SPH) method. The capillary is considered as 
a rigid tube with a stenosed section. The deformation index, mean velocity and total energy of the 
RBC are analysed when it flows through the stenosed capillary. Further, motion and deformation of 
the RBCs with different membrane stiffness (KB) are compared when they flow through the stenosed 
segment of the capillary. The simulation results demonstrate the RBCs are subjected to a larger 
deformation when they move through the stenosed part of the capillary and the RBCs with lower KB 
values easily pass through the stenosed segment of the capillary. Further, RBCs having higher KB 
values have a lower mean velocity and it leads to slow down the overall blood flow rate. 
Keywords:  Meshfree Methods, Microcirculation, Numerical Simulations, Red Blood Cell (RBC), 
Smoothed Particle Hydrodynamics (SPH), Stenosed Capillary, Three-dimensional (3-d). 
1 Introduction  
Healthy human red blood cells (RBCs) have discoidal biconcave shape at rest. There are millions of 
blood vessels in human cardiovascular network and some blood vessels are even smaller than the 
mean diameter of the RBCs. Due to the highly deformable viscoelastic membrane and unavailability of 
the nuclei inside the RBCs, they deform into different shapes when they flow through the blood 
vessels (1). The motion and the deformation of the RBCs highly depend on the velocity of the blood 
flow, bending stiffness of the membrane and the geometrical parameters of the blood vessel through 
which they flow. Generally, human blood flows at very slow velocities in the capillary, which 
corresponds to the Reynolds numbers less than 0.01 (2).  
It has been diagnosed that some diseases alter the deformability of the RBCs, which leads to change 
in the motion and deformation behaviour of the RBCs. For example, sickle cell anaemia changes the 
viscosity of the RBC’s inside fluid (hemoglobin) and elasticity of the RBC membrane. As a result of the 
sickle cell anaemia, the overall deformability of the RBCs reduces (3). Further, Malaria parasites also 
diminish the deformability of the RBC membrane by stiffening the membrane (4). Therefore, the 
progression of the deformed shape and the whole motion of the RBC changes due to these diseases. 
Moreover, three-dimensional micro-vessels always do not have uniform cross sections and some of 
them have stenosed segments, where the cross sectional area of the micro-vessels suddenly reduce. 
When a blood cell is infected by a disease, their deformation behaviour varies, though the stenosed 
segment. 
The purpose of this study is to investigate the motion and deformation of a RBC through a stenosed 
capillary by using advanced numerical modelling techniques. Smoothed Particle Hydrodynamics 
(SPH) method is used to treat the RBC’s inside and outside fluids; plasma and hemoglobin. The 
membrane of the RBC is modelled by a three-dimensional spring network and forces acting on the cell 
membrane are computed based on the minimum energy concepts (5). The motion and deformation of 
  
the RBC is simulated for three different RBC’s membrane stiffness values. Here, we present the effect 
of the RBC’s membrane stiffness on the motion and the deformation of the RBC. 
2 Model and method 
2.1 Formation of the three-dimensional RBC membrane 
A three-dimensional spring network is used to model the RBC membrane (5). Initially, it is assumed 
that the RBC membrane is spherical with a radius of 3.1 µm and the membrane is constructed by 954 
membrane particles and 2856 elastic springs. Then, the energy functions related with the in-plane 
deformation, bending of the membrane, membrane area and volume constraint are considered to 
calculate the total energy of the RBC membrane. Finally, the forces acting on each particle are 
calculated based on the principle of virtual work to obtain the typical discoidal biconcave shape of the 
RBC membrane. In this study we set the reference volume of the RBC (V0) to 60% of the initial volume 
of the sphere and reference area of the RBC (A0) is assumed to be the area of the sphere with the 
radius of 3.1 µm. when the total energy of the RBC is minimised the typical discoidal biconcave shape 
of a healthy matured RBC is obtained as can be seen in Figure 1. More details can be found in (5). 
  
Figure 1: Discoidal biconcave shape of the RBC 
 
2.1 Governing equations for the flow filed 
RBC inside fluid (hemoglobin) and outside fluid (plasma) are discretized into a finite number of 
particles and treated by smoothed particle hydrodynamics (SPH) method. Lagrangian form of SPH 
equation for the conservation of momentum is used to model the flow field (equation (1)). In SPH 
method any field function of i
th
 particle is approximated by the same field function values of 
neighbouring j
th
 particles.  
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where v, m, p, ρ and µ are velocity, mass, pressure, density and dynamic viscosity of the SPH 
particles respectively, while Fi is the external force acting on the particle. Here, W is the smoothing 
function.  
3 Results and discussions 
3.1 Validation of the RBC model 
The deformation behaviour of the RBC is observed when the cell is subjected to a linear shear flow. 
To generate the linear shear flow, the RBC is set into the plasma domain within a rectangular flow 
channel then, the top and bottom pales of the rectangular channel are moved at a same velocity v, but 
in opposite directions. Periodic boundary conditions are applied to the inlet and outlet of the channel. 
Due to the motion of the top and bottom plates of the flow channel, plasma particles start to move and 
generate a pressure on the RBC. Then the RBC elongates and shows a deformed shape we 
calculated the deformation index (DI) of the RBC for different shear stress values. 
  
Here the DI of the RBC is the ratio between the lengths of the RBC in Z direction to Y direction. 
Simulation results reveal that the DI increases with the shear stress as shown in Figure 2. It agrees 
very well with the previous experimental results. In this study the shear stress (τ) is calculated as, 
 

h
v
  (2) 
where µ and h are the dynamic viscosity of the plasma and height of the channel in Y direction 
respectively. Simulation results shows that the DI of the RBC increases with the shear rate and our 
results agree with the previous experimental results (6). 
 
 
Figure 2: Variation of deformation Index against the shear stress in linear shear flow 
3.2 Deformation behaviour of the RBC through the stenosed capillary 
The motion and deformation of the RBC is analysed when the cell is passing through a stenosed 
capillary. A capillary was generated using a set of wall particles as shown in Figure 3, such that the 
minimum distance between two neighbouring particles is equal to 0.2 µm. The inlet diameter, outlet 
diameter and the diameter at the stenosed section of the capillary are set to 10.2µm, 10.2µm and 
6.75µm respectively. The overall length of the capillary is 31.2 µm. The energy constants for the RBC 
membrane and other parameters are given in Table 1. 
 
 
 
Figure 3: Geometry of the stenosed capillary 
 
  
Table 1: Simulation Parameters 
Parameter Definition Value Reference 
KS0 Original spring constant for stretching/compression 15.e-6 N/m (7) 
KB Spring constant for bending 1.e-10 N (7) 
Ka  Area expansion modulus for local area  3.e-3 N/m (7) 
KA Area expansion modulus whole membrane area 2.e-3 N/m (7) 
KV  Penalty coefficient to maintain a constant RBC volume 50.e0 N/m2 (7) 
ΡRBC Density of the RBC membrane particles 1098 kg/m3 (8) 
ΡCytoplasm Density of the cytoplasm particles 1050 kg/m3 (9) 
ΡPlasma Density of the plasma particles 1025 kg/m3 (10) 
µRBC RBC membrane viscosity 20.e-3 Pa s (11) 
µCytoplasm Cytoplasm viscosity 5.e-3 Pa s (11) 
µPlasma Plasma viscosity 1.e-3 Pa s (11) 
Inlet pressure of the capillary is set to 150 Pa and the outlet pressure is set to zero. If this pressure 
was applied to a capillary having a uniform diameter of 10.2µm and length of 31.2 µm with periodic 
boundary conditions, then the peak velocity of the plasma flow would be 0.0627m/s. It corresponds to 
Reynolds number, Re=0.0643 and it ensures the flow is still in the laminar region. Lenard-Jones type 
repulsive forces are introduced to the fluid particles to avoid any penetration of fluid particles through 
the capillary wall and RBC membrane(12). Due to the applied pressure at the inlet, plasma particles 
start to move and that motion creates an additional pressure on the RBC. Therefore, due to the flow 
pressure applied by the plasma, RBC begins to flow with plasma. RBC deforms gradually as it moves 
through the capillary and the largest deformation of the RBC is observed when the RBC flows through 
the stenosed section of the capillary. Typical parachute shape is observed, before and after the 
stenosed section, while the bullet-like shape is observed when it passes through the narrowest section 
of the capillary (sees Figure 4). 
Once the RBC passes the stenosed section of the capillary, it gains the parachute shape again as 
shown in Figure 5. The total energy of the RBC membrane shows the highest value when it passes 
through the stenosed area of the capillary. Though the stretching/compression energy contributes for 
the increment of the total energy, bending energy is the most significant factor, contributes for the total 
energy (See Figure 6 (a)). At t=0 all the energies are zero except bending energy, since the RBC 
membrane has local curvatures (angle between two neighbouring triangles is not zero; more details 
can be found in (5)) at the rest as can be seen in Figure 1. However, the energy rise in bending 
energy is greater than the energy rise in stretching/compression energy. Further, it can be seen that, 
before RBC enters the stenosed section of the capillary (at t=0.0005s) the stretching/compression 
energy does not show any significant growth but bending energy shows a considerable increase. 
Therefore, it can be concluded that the deformation of the RBC is basically happens due to the 
bending of the cell and not due to the stretching/compression. Further, energy values related with the 
local area change, total area change and volume constraint do not show any substantial change and it 
implies that the RBC is incompressible and its volume and membrane area do not change at all during 
its motion through the capillaries. 
 
Figure 4: Deformed shape of the RBC, when it passes through the stenosed section of the capillary 
 
  
 
 
Figure 5: Morphology of the RBC through the stenosed capillary 
We observed that RBC exhibits an asymmetric shape along Y axis just after the stenosed section. We 
calculated the DI by measuring the major length of the RBC in X direction and in Z direction 
separately. Then the DI is calculated by dividing the measured values by the minor length of the RBC 
(length in Y direction). Figure 6 (b) shows that the two calculated values of the DI show difference just 
after its peak value (just after passing the stenosed area). However, when the RBC approaches the 
downstream outlet, two graphs converge. However, some previous studies have reported this kind of 
asymmetric deformed shapes of the RBC (13). The deformed RBC flows at a higher velocity, when it 
passes through the stenosed section, therefore this simulation has used two different time steps; a 
lower time step (t=1×10
-9 
s) when the RBC passes through the stenosed area and a higher time step 
(t=1×10
-8 
s) when it moves in the other parts of the capillary. It took 574.8 hours for the whole 
simulation with 6 CPUs of parallel processing. 
3.3 Impact of the RBC’s membrane stiffness on the deformation 
Deformation behaviour of two RBCs with different spring constants for bending (KB) 1×10
-10
 J, 2×10
-10
 J 
and 3×10
-10
 J are compared. The bending energy (EB) posed by the RBC membrane with the lower KB 
is higher when it passes through the stenosed section of the capillary (see Figure 7 (a)). Therefore, it 
suggests that the bending deformation of the RBC with the lower KB value is greater than that of the 
RBC with the higher KB. If the RBCs were not deformed as they should be, then there would be a 
possibility of RBC blockages in the stenosed area of the capillary. This may cause a fatal problem for 
health if the place is in any sensitive area like, brain, eyes etc.  Further, the energy generated due to 
the stretching/compression (Es), shows slight variation, although the KB is the only difference in two 
cases. This result demonstrates that the change in bending stiffness make an indirect impact to the in-
plane deformation (stretching) of the RBC. Figure 7 (b) shows that the mean peak velocity of the RBC 
depends on the bending stiffness of the RBC membrane and it reveals that the RBCs with higher 
bending stiffness flow slowly compared with the normal healthy RBCs. It can be concluded that if the 
bending stiffness of the RBCs increases the overall blood flow rate would be lower.  
 
(a) 
 
(b)
Figure 6: (a) Change in energies of the RBC (b) Variation of the deformation index of the RBC 
  
4 Conclusions 
A three-dimensional spring network model is used in combined with the SPH concepts to simulate the 
motion and deformation of a single RBC in a stenosed capillary. We observed that the RBC 
undergoes a larger deformation, when it passes through the stenosed section of the capillary. 
However, once it moves out from the capillary section RBC recovers its typical deformed parachute 
shape. The model was used to investigate the deformation behaviour of the RBC when the bending 
stiffness of the cell increases. Results revealed that the deformation of the RBC having lower bending 
stiffness is higher and energy curves proved that the deformation occurs not only due to bending but 
also due to the RBC’s membrane stretching. Moreover, the mean velocity of the RBC depends on the 
bending stiffness, as RBCs having higher bending stiffness flow slower, compared with the RBCs with 
lower bending stiffness.  
(a) (b)
Figure 7: (a) Variation of the bending and stretching and of three RBCs with different KB values (b) 
Variation of the mean velocity of three RBCs with different KB values 
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